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- Quantum weirdness, such as the violation of
Bell’s inequalities or entanglement, is not
inherent to Quantum Mechanics as such but to
any theory of bounded rationality based on the
requirement that checking its coherence should
be an easy task, of which QM is ajusta
particular instance.
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V& ______g>o0 (accepting partial gain)

AbDg
Rule 1: Abg ADdf ALu>0  (conical hull)
A D Ag+uf
Rule 2: {Abgek|k>0} eE(0,1 (closure)
Ab g
Rule 3: AD-1 (ex falso)
ADbf

(Plus usual structural rules for sequents - reflexivity is enough)
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~AD-1
if and only if
there is some probability p:
pl-g, VgeEA




Consider a finite set of assessments A:
Does A D-17
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Consider a finite set of assessments A:
Does A D-17

When the possibility space is infinite, this problem is
either impossible [undecidable] or difficult [NP-hard]
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Whenever X ¢ />
~AD-1
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« Let C be alogically consistent set of gambles in a theory T
of computational rationality.
Then the following are equivalent claims:
1. C includes a negative gamble g thatis notin -2 (i.e. it
is not “negative” according to T)
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« Let C bealogically consistent set of gambles in a theory T
of computational rationality.
Then the following are equivalent claims:
1. C includes a negative gamble g thatis notin -2 (i.e. it
is not “negative” according to T)
2. C hasno classical probabilistic interpretation (model)
3. Any unit preserving positive linear functional (state) L
on the space of gambles thatis a model of C (L I- g, Vg

& C) is not (a limit of ) a mixture of classical evaluation
functionals

4. Any charge extending a state L that is a model of C is
necessarily signed (negative probability)
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 Quantum mechanics is an example of a theory of
computational rationality.

. The fundamental theorem of weirdness holds, and
quantum weirdness is a consequence of it
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. The fundamental theorem of weirdness holds, and
quantum weirdness is a consequence of it

« QM is not the only theory of computational
rationality

 Therefore there are other contexts in which weird
things such as entanglement can occur (at leastin a
thought experiment).
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QM, Bernstein and the weird

« Therefore there are other contexts in which weird

things such as entanglement can occur (at leastin a
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(e.g. Bell's i
.e. of imposing to a model of rational choice that its coherence problem is decidable in PTIME

Possibility space as a possibly infinite set O, its elements as input data for some preparation
procedure (for composite system, cartesian product Q, x ... x Q)
Observables as bounded real functions - gambles -on Q. : g € /(Q).

Example: How tall was Albert Einstein? Do you want to bet on it in Classicaland? g \\
u

(D)

i

@ o ®
A gamble is a bounded function on Q=[15,2]m.
If Alice i rational, by Ao she should accept any gamble in Plot A, and by Az she should not
accepts any gamble in Plot B.
If rational, if Alice accepts blue and gambles in C, then she also accepts green.
In plot D, however she is irrational: since she accepts blue and gambles, by A1 she

is forced to accept the green one, which is a sure loss and thus violates A2.

Let &' /() be finite set &/of gambles, and 7 its deductive closure
1%l

- Fisnotcoherent e 3420:-1-) Jg€
‘

On /(@) with Q infinite, the coherence problem is not decidable
If we restrict the class of gambles to the class of all multivariate polynomials of degrees k
bounded, the problem remains in general difficult (NP hard)

Imagine a word where a gamble is / if it is nonnegative/

negative and its nonnegativity/negativity can be assessed efficiently (in PTIME)

Example reloaded: How tall was Albert Einstein? Do you want to bet on it in Posiland?
Assume we split the nonnegative gambles in two groups [plot Al: the ones whose
nonnegativity can be assessed in polynomial time; and the blue ones whose nonnegativity
cannot be assessed in polynomial time

- In Plot B, Alice is P-rational, since the blue gamble does not contradicts B2

- InPlot C, however, Alice is not P-rational, since she contradicts B2.

Whenever L is a bounded linear functional on some space of gambles with L(1)=1, and L(g) > 0, we write LI g (*)

Given a (P) coherent set of gambles &' C /", its dual is the class of models (states) satisfying ¢
{LE./"*| L) =1, L-g,VgE O}
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+ Theorem 1: Let  be a P-coherent set of gambles. Then the following are equivalent claims:
1. ¢ includes a negative gamble g that is not
2. ¢ has no classical probabilistic interpretation (model, as given by (*))
. Any positive linear functional L on (%, preserving the unit (L(1) = 1) and satisfying (*)
is not a mixture or a limit of mixtures of classical evaluation functionals
. Any charge extending a positive linear functional L on /%, preserving the unit and
satisfying (*) is necessarily signed (negative probability)

Consider two classical coins and the possibility space given by the probabilities of the four
possible outcomes H,H,, T,H,, H,,T,, T,T,

O
Q:={0€R* 020, 6, + 0y, + 07, < 1}

The gambles are all real polynomials on Q of degree 2 1= s = O = O

Evaluating the nonnegativity of g is NP-hard. We thus redefine the meaning of being
nonnegative as follows: a gamble is said to be ifit is of the form
Y w0 O = Oy, = Oy, = O )™, withu, € R,
aeN, 3! a=2
can be assessed in PTIME
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gamble has positive
expectation (a CHSH-like experiment, like in the comic strip, but with classical coins)

We design a thought experiment in which a negative but not

Lis a state, i.e. a unit-preserving positive linear functional on Q.

The set (= {g € /& | LI g} is P-coherent

Let1/6 > &> 0, and consider  4(0) = = Oy, + Or )" — Op, + Opy 1) (=201, — 207, + 1) — &
L(q) =1/6 - € > 0, meaning that g € ¢'and thus q is not

qis negative, indeed it holds that q(6) < -¢, for every 6 € Q.

By Theorem 1, there is no classical probabilistic interpretation (model) for ¢, hence from the

classical point of view, ('is “incoherent” 2 L@,

A partition of unit s a family I of nonnegative
functions that sum up to one. Let Tt a subset sum
of elements in T1. Then an updated lower prevision
forg
orqis o
Eyqlm = sup Jy st (@—dm— ), Ag;
12000

Two coins in the joint state L are drawn from a bag: one is sent to Anne and one to Bob.
‘We check that a measurement of the bias of Anne’s coin will allow the prediction with
certainty of the bias of Bob's coin.
Assume Alice tosses her coin, and it lands H. Given Tt=0p1+04r, for gamble q(0)=0su+0mu
(“H on Bob's coin”), her updated prevision is . =1, that is the solution of

0= L((g = 4)m) = = AoZo01 ~ Ao%100 * 2011 + Z101 + 2110+ 2200

Anne instantaneously knows that Bob’s toss lead to H for him
The same holds in all other cases, hence the two coins are totally “correlated”.
Classical correlation can be explained by a common cause, or correlated “elements of
reality”. This is not the case in Bernstein's Posiland. Indeed, the marginal operators (states)
satisfy

L04) = L0y + Or) =t o= o,

L) = L0y, + Our) 0+ am =5
L) = LG+ O =20+ Do+ 2o = 30

] ‘ 1
L0 =L+ 0D =+ 2o+ =5

Example of classical correlation model compatible with the marginal moments above is the

mixture of atomic charges O+ 0)

« However, this model (or any other) can never satisfy the moment constrains given by state L.
» We have entanglement.




